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In conventional general relativity without torsion, high-frequency gravitational waves couple to the
chiral number density of spin one-half quanta: the polarization of the waves is rotated by 2piN5`2Pl,
where N5 is the chiral column density and `Pl is the Planck length. This means that if a primordial
distribution of gravitational waves with E-E or B-B correlations passed through a chiral density of
fermions in the very early Universe, an E-B correlation will be generated. This in turn will give
rise to E-B and T-B correlations in the cosmic microwave background (CMB). Less obviously but
more primitively, the condition Albrecht called “cosmic coherence” would be violated, changing the
restrictions on the class of admissible cosmological gravitational waves. This altered class of waves
would, generally speaking, probe earlier physics than do the conventional waves; their effects on the
CMB would be most pronounced for low (. 100) multipoles. Rough estimates indicate that if the
tensor-to-scalar ratio is less than about 10−2, it will be hard to constrain a spatially homogeneous
primordial N5 by present data.
PACS numbers: 04.30.Tv, 04.62.+v, 98.80.Cq
I. INTRODUCTION
Two, presumably deeply interfused, puzzles in cosmol-
ogy are the origin of leptons and the emergence of the
chiral character of their spectrum and interactions which
is familiar at ordinary scales. These must develop in the
very early Universe, but just how early is unclear. We
do not know the physical mechanisms involved, and the
only model-independent constraint on the energy-scales
is that they must be beyond those which have been sub-
stantially explored in collider experiments. In view of
this, it is worthwhile considering general properties of
fermions in cosmological contexts.
I describe here some remarkable effects involving
fermions and gravitational waves, which should on ordi-
nary scales be tiny but could be significant in cosmology.
These effects grow out of a striking coupling of gravita-
tional radiation to chiral physics: a chiral current j5a (of
right- minus left-handed spin one-half particles) rotates
the polarization of high-frequency waves by an angle
2pi`2PlN5 (1)
in the left-handed sense, where `Pl is the Planck length
(we take `Pl =
√
G, with G Newton’s constant, and
Planck’s constant ~ and the speed of light c to be unity)
and
N5 =
∫
γ
j5a dγ
a (2)
is the chiral column density along the null geodesic γ giv-
ing the geometric-optics trajectory of the wave. (The ro-
tation is measured relative to parallel transport; it is not
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a gauge-dependent effect.) This rotation may be called
gravitational gyrotropy, in parallel with the correspond-
ing optical effect.1
As we will see, the Planck-area prefactor in eq. (1)
makes direct observation of the rotation in the present
Universe unlikely, but a gyrotropy in the very early
Universe could leave detectable relics. If (as is widely
supposed) gravitational waves were created primordially,
they would be affected by passage through a subsequent
chiral current density. This effect is potentially quite sig-
nificant, because it violates a constraint (“cosmic coher-
ence”) which is usually assumed. These changes would
in turn modify the waves’ effect of the cosmic microwave
background (CMB). The tight-coupling regime would be
more deeply probed. Besides quantitative effects, there
would be the creation of opposite-parity correlations (T-
B or E-B correlations, with T temperature, E “electric”
polarization and B “magnetic” polarization), which are
forbidden in the standard models.
A. Contrast with other effects
This effect is distinct from others which have been con-
sidered:
First, it is a prediction of conventional general rel-
ativity, without the addition of any torsion term or
other modification. While there is a long history (begin-
ning with Kibble [1] and Sciama [2]) of suggesting that
fermions should alter Einstein’s theory through the in-
troduction of torsion, or of introducing explicitly chiral
1 In particle physics, the quantity j5a is usually called the axial
current, “chiral current” being used for a related but different
quantity. However, in the present context, “chiral current,” and
especially “chiral column density,” are more precise and descrip-
tive terms than their “axial” alternatives would be.
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2gravitational terms (typically higher-derivative, Chern–
Simons like terms, e.g. [3]), here no change at all is made
in the underlying theory.
Second, the effect does not, of itself, introduce any
explicit chiral symmetry breaking. Rather, it correlates
chiral asymmetries in the Fermi field with those in the
propagation of gravitational radiation.
Third, while the effect here has something of the flavor
of what has been called “cosmological birefringence,” and
the related suggestion of Lue, Wang and Kamionkowski
that gravitational waves of differing circular polarizations
might propagate differently [3], there are substantial dif-
ferences (beside the fact that those effects involve non-
standard terms in the Lagrangian): “cosmological bire-
fringence” would be an effect on electromagnetic, not
gravitational, waves; the suggestion of Lue et al. did
concern gravitational waves, but gave rise to a circular
dichroism (unequal propagation of the polarizations’ am-
plitudes) rather than a gyrotropy.
I should point out at this juncture that the gyrotropy
(1) is not due to a circular birefringence, that is, a dif-
ference in the speeds of propagation of the polarizations.
Each polarization propagates with the speed of light. The
effect is in this sense subtler than birefringence. Math-
ematically, the characteristics of the waves (the wave
fronts) remain null hypersurfaces, and so move at the
speed of light; but the transport equations for the wave
profiles along the bicharacteristic curves (that is, along
the null geodesics ruling those fronts) are sensitive to the
polarization, so the form of the profile as it advances
along the front changes.2
Finally, the link between chirality and space–time cur-
vature calls to mind the gravitational anomaly
∇aj5a =
1
192pi2
Rabcd
∗Rabcd (3)
first derived by Delbourgo and Salam [4]. This is non-
linear in the gravitational field, whereas the gyrotropy
will be present at the linear level. And the anomaly is a
quantum effect, whereas the gyrotropy is predicted even
classically. But also the chiral current plays very differ-
ent roles in the two effects. Indeed, in eqs. (1), (2), the
current (times 2pi`2Pl) appears to function as a U(1) gauge
potential (relative to which the circular polarizations of
the gravitational wave have opposite charges) to be inte-
grated along a path, a one-form rather than a three-form:
a dualization, incorporating the Planck area, has entered.
Curiously, there is another case in which a certain chiral
current appears mathematically as a one-form: the chiral
isospin current is the gradient of the pion field (times its
decay constant) in the PCAC model.
2 So, while circular birefringence can cause gyrotropy, here the
cause is different. Not all workers distinguish between gyrotropy
and circular birefringence; indeed, what is usually called “cosmo-
mological birefringence” would be called a gyrotropy of electro-
magnetic waves here.
B. Mechanism
Some features of the gyrotropy require detailed com-
putations, but the general way it arises is not hard
to understand. Space–time physics is described by a
coupled system of equations: Einstein’s field equation
Gab = −8piGTab (with Gab the Einstein tensor and Tab
the stress–energy [including any cosmological constant],
with the speed of light taken as unity) together with the
evolution equations for the matter present. We will be
concerned with a “background,” slowly-varying, configu-
ration on which high-frequency waves, treated as first-
order perturbations, may propagate.
In these circumstances, as is well-known, the pertur-
bation of Gab gives a second-order wave operator on the
metric perturbations. What is special about the stress–
energies of fermions is that they involve first derivatives
of the metric. (Most stress–energies involve the metric
only algebraically.) This means that the wave equation
acquires a non-trivial first-order term from the perturba-
tion of Tab. Because that order is less than the highest-
order term, this does not affect the characteristics of the
system, and hence the speed of the waves. But because
the order is just one less, it effects the transport equa-
tions, that is, the evolution of the wave profiles along the
wave fronts.
To see that this affect is proportional to the chiral cur-
rent requires a calculation based on the explicit form of
the fermion stress–energy. The relevant component, the
spin-two part, turns out to be iσ′laj5a, where the spin-
coefficient σ′ is essentially the derivative of the spin-two
part of the metric and la is the null vector field ruling the
wave-fronts. The high-frequency condition is used again,
and deeply, in this part of the argument.
C. Scale of the gyrotropy today
Although in principle the gyrotropy should occur very
generally, the Planck-area prefactor in eq. (1) makes its
magnitude unobservably small in virtually all circum-
stances considered in contemporary astrophysical mod-
els. For instance, even for a supernova emitting ∼ 1054
neutrinos from a ∼ 10 km radius, the chiral column den-
sity is ∼ 1041 cm−2, some twenty-five orders of magnitude
below the Planck scale. Similarly, even if all the dark
matter in the Universe were in ∼ 10 keV sterile neutrinos,
the corresponding number density would be ∼ 102 cm−3,
so that the present induced mean cosmic rotation rate
would be ∼ 10−37 rad/Gyr. (Of course, dark matter is
not uniformly distributed, but it is very hard to see how
a density enhancement could be plausibly large enough
to compensate for the smallness of this figure.) If black
holes do radiate as Hawking [5, 6] suggested, their final
bursts could plausibly produce gyrotropies of order unity,
but each hole’s cross-section would only be of order the
Planck area.
3D. The very early Universe
There appears however to be no fundamental limitation
that the gyrotropy should always be negligible. While the
prefactor `2Pl is quite small, one must multiply it by the
chiral column density N5 to get the rotation, and that
brings in an integration over a null geodesic which may
extend even over cosmological scales. The smallness of
the effects in the previous paragraph is due to the diffi-
culty in accumulating significant chiral column densities
by known means in the current Universe; it is not an
absolute restriction.
The remarkable simplicity and naturality of the for-
mula (1) is a strong reason for thinking that this effect
may well be consequential for physics: it is plausibly a
hint that there is important chiral physics involving grav-
ity in the very early Universe. The energy scales would
have to be high enough that a significant chiral column
density was present, and there would have to be gravita-
tional radiation. While this differs from most contempo-
rary modeling, it is not so far removed from some ideas,
for instance the “gravitational leptogenesis” scenario pro-
posed by Alexander et al. [7]. These authors introduce a
chiral symmetry breaking by coupling a complex inflaton
field to the curvature. This creates elliptically polarized
gravitational waves, which are then sources for a chiral
current, as in eq. (3). A chiral density of leptons is thus
generated very early.
Here I will focus, not on modeling the very early Uni-
verse, but on general features of the gyrotropy, and on
the possibility that it might have left imprints on physics
which would be detectable in the near future. I will con-
sider the possibility that there was at some period in the
very early Universe a significant chiral number density
through which primordial gravitational waves passed,
leaving a polarization effect which might be detectable in
the near future. Because j5a is parity-odd, the gyrotropies
will interconvert E- and B-polarizations of gravitational
waves, and a characteristic prediction of this effect would
be the creation of E-B correlations from E-E or B-B ones.
There would also be, in general (for spatially inhomoge-
neous chiral densities), a creation of circularly polarized
gravitational waves.
There will be consequences for the cosmic microwave
background (CMB), because of the correlations in the
gravitational waves passing through it (and not because
of any other new physics). There will be no creation of
circular CMB polarization, because there is no mecha-
nism for that in the standard model. On the other hand,
there will be a creation of E-B and T-B correlations in
the CMB. (See ref. [8, 9] for current prospects for the de-
tection of cosmic microwave background B-modes.) That
we get such correlations is not really a surprise (since any
change linear in j5a must be parity-odd), but the details
of the mechanism point to a more primitive issue.
E. Violating cosmic coherence
In most conventional models, there are important re-
strictions on the subspace of admissible data for primor-
dial gravitational waves. These restrictions appear most
explicitly in inflationary arguments, where the waves
are supposed to be squeezed into a particular subspace,
which then serves as an initial-data space for waves in a
hot big bang. Albrecht [10] called this restriction “cos-
mic coherence.” I will call waves from this squeezed sub-
space “beta” modes, and the complementary ones “alpha”
modes. (While one might have interchanged these terms
on the grounds that the beta modes are the more familiar
ones, the usage here is a little more natural from the point
of view of the concepts involved. Alpha modes would
generically be present, and their vanishing is precisely
the reason that that the gravitational-radiation entropy
of the initial state is very low.)
The restriction to beta modes amounts to a phase co-
herence of the left- and right-circularly polarized gravi-
tational waves. Gravitational gyrotropy breaks this co-
herence. That is, initially coherent waves, propagating
through a chiral density, will decohere. Put another way,
if we examine the waves at this later point, and imagine
running them back in time through a Universe without
a chiral density, they would appear not to have come
from the squeezed subspace, that is, they would con-
tain alpha-modes. This difference would in principle be
detectable in the present day if the gravitational waves
could be measured. It also will affect the CMB, since it
means a different set of gravitational waves will propa-
gate through the matter and radiation, and contribute
different anisotropies.
I work out the consequences for the CMB correlations
CXYl (where X, Y are E, B, T, and l is the multipole in-
dex) in the case of a spatially uniform chiral current in the
cosmic time direction in a k = 0 Friedmann–Robinson–
Walker walker space–time, accumulating before the usual
hot big bang. In this case, only one new parameter, the
chiral column density N5, enters. A simple formula (52)
is found for the correlations, periodic in N5 with period
2pi in θ = 8pi`2PlN5, cycling through a response purely to
beta modes (that is, the usual formulas) at even multiples
of pi and purely to alpha modes at odd multiples.3
Several interesting classes of potential effects are con-
tained here: (a) those which are qualitatively new, the
correlations CTBl 6= 0, CEBl 6= 0, which would be forbid-
den by parity in standard models; (b) the contributions
of the alpha modes even to the standard, matched-parity,
correlations, although these are at least second-order in
`2PlN5; (c) the potential of the alpha-mode contributions
to detect physics at earlier times (in particular, as we
shall see, deeper within the tight-coupling era) than do
3 The quadrupling of the period relative to eq. (1) comes from two
factors or two, the first being the spin-two character of the field
and the second the quadratic form of the correlation functions.
4the beta-modes, since the alpha-modes tend to dominate
at earlier times.
Because alpha-modes dominate beta-modes at suffi-
ciently early times (by a factor ∼ (kη)−1, with k the co-
moving wavenumber at η the conformal time), the alpha-
mode effects on the CMB could potentially be signifi-
cantly larger than beta-mode ones, particularly at low
wave-numbers. On the other hand, the gravitational
waves do not have much effect until the the opacity of
the plasma drops. So we might expect enhanced effects
at wave-numbers below about the inverse conformal time
of recombination, and multipoles l . 50−100 —weighted
by sin θ, of course. This turns out to be roughly correct.
To estimate the sizes of the effects, some numerical in-
vestigations were made with the CLASS program [11, 12],
modified to compute the alpha-mode transfer functions.
The rough picture sketched above is confirmed.
A detailed statistical analysis to constrain θ would be
a substantial project, and was not undertaken. Instead,
the fact that the alpha-mode effects were most distinc-
tive at very low multipoles was used to get some crude
estimates. The effects are then proportional to the am-
plitude of the scalar perturbations, the tensor-to-scalar
ratio r, and sin θ or sin2 θ/2. If r & .1, then data from
Planck [13], make values of |θ| larger than around .4
(modulo 2pi) unlikely, but if r . .01, no significant con-
straints were found. More refined analyses may provide
more information.
I briefly discuss one more consequence in principle of
the gyrotropy. This is that it provides a mechanism for
the generation B-mode Bondi shear whenever there are
memory effects; this B-mode shear can be thought of as
the specific (per unit mass) spin angular momentum of
gravitational radiation emitted from a system [14].
F. Organization
Evidently special properties of Fermi fields underlie all
the effects discussed here, and evidently what must enter
(since the fields couple to gravity via Einstein’s equation)
is the fermionic stress–energy, that is, certain tensorial
formulas derived from spinorial expressions. However,
once these results are in hand the spinors are not explic-
itly needed. Because of this, and because such deriva-
tions are rather technical and specialized, all of the ex-
plicitly spinorial computations are placed in an appendix,
which can be omitted by the reader willing to simply ac-
cept its results. For readers interested in the technicali-
ties, it is worth noting that the computation is done by
two-spinor techniques, which are here more efficient than
four-spinors and gamma matrices. The relation between
the approaches is given explicitly. The appendix can be
read after section 2.2.
Section II explains the mechanism driving the rotation
(making use of the results of the appendix). No explic-
itly cosmological assumptions are made at this stage; the
treatment is general. This generality is not only desir-
able of itself, but also makes clear the nature of the high-
frequency expansion which is used, and what its limi-
tations are. However, the details of the computations
in this section are not used subsequently, so the reader
interested primarily in the results can safely skim this.
The main formulas needed later are: the definition of
the expansion (in the beginning of subsection B, up to
eq. (13)); the expression for the lead term, eqs. (18),
(19) and the accompanying paragraph, and eqs. (26),
(27) showing the appearance of the chiral current in the
transport integrals.
Section III gives the general set-up for the applica-
tion of the results to a k = 0 Friedmann–Robertson–
Walker cosmological model, where primordial gravita-
tional waves encounter a chiral density in the very early
Universe.
Section IV works out the case of a spatially uniform
chiral density. Formulas for the CMB correlations CXYl
are derived; these new effects enter only through a single
parameter θ = 8pi`2PlN5, and the results are 2pi-periodic
in it. Some numerical investigations are made with a
slightly modified CLASS program. The comparison with
data from Planck is made, and very rough estimates of
constraints on θ given. Also here the sensitivity of alpha-
mode effects to the tight-coupling regime is uncovered.
In Section V, inhomogeneous chiral densities are con-
sidered. These are technically more difficult to treat, and
the analysis is only done to first order in ja5 . A main effect
of inhomogeneities is to smear out the correlations; this
is because the gravitational waves scatter off the inhomo-
geneities. Because ja5 is parity-odd, the only non-trivial
first-order effects on CXY` can be for X and Y of opposite
parities. However, because of the invariance of the trans-
fer functions, the CMB correlations can detect only the
part of N5(x) whose spatial dependence is even. On the
other hand, in this section it is shown that an inhomo-
geneous chiral density will in general induce correlations
in circular polarization on the gravitational waves, and
these are sensitive to the part of N5 with odd spatial
dependence.
Section VI contains a discussion of the results.
There are two appendixes. Appendix A, as already
noted, derives the perturbation of the fermion stress–
energy needed for the analysis. Appendix B briefly indi-
cates how the effects here could be treated in nonlinear
gravity without invoking a background-plus-perturbation
approach, and so gives a more fully relativistic perspec-
tive.
Conventions. The metric has signature + − − −;
tensorial indices are small Latin letters; the indices j,
k are reserved for three-tensors. The curvatures obey
[∇a,∇b]vd = Rabcdvc, Rac = Rabcb, R = Raa and Ein-
stein’s equation is Gac = Rac − (1/2)Rgac = −8piGTac,
with G being Newton’s constant, the stress–energy being
Tac (and any cosmological constant is absorbed in Tac).
The tensorial conventions all accord with those in Pen-
rose and Rindler [15, 16]. Spinors only appear explicitly
in the Appendixes, and conventions for them are dis-
5cussed there.
The symbol k is used in a few places for the the curva-
ture indicator for Friedmann–Robertson–Walker space–
times (here only k = 0 is considered), but usually it
stands for the magnitude of the comoving wave-number.
Context should make the meaning clear.
II. MECHANISM
In this section the rotation of the polarization of gravi-
tational waves will be derived. While some of the calcula-
tions are lengthy and technical, the main idea is straight-
forward.
While in the most general circumstances there is no
simple way to isolate the wavelike degrees of freedom of
a gravitational system from others, in many situations it
is legitimate to model the waves as (relatively) rapidly
changing linear perturbations on a given background. If
we consider a system with matter as well as gravity, it
will be described by a set of coupled equations:
Gac = −8piGTac
equations of motion for the matter
}
, (4)
where Gac is the Einstein tensor and Tac is the stress–
energy (including any cosmological constant term). The
first-order perturbations of this will have the form
δGac = −8piGδTac
first-order perturbed matter equations of motion
}
.
(5)
In general these are coupled. Here δGac is a second-order
wave operator acting on the metric perturbation δgac.
The quantity δTac in general contains two sorts of terms:
there are those δmatterTac coming from perturbations of
the matter fields figuring in Tac, and there are those δgTac
coming from the dependence of Tac on the metric. It is
these second sorts of terms which are responsible for the
novel effects.
What is special about fermions is that their stress–
energies involve first derivatives of the metric. (By con-
trast, minimally coupled scalar fields’, and electromag-
netic and Yang–Mills fields’, stress–energies only depend
on the metric algebraically.) This means that the right-
hand side of the top line of (5) contributes first-derivative
terms to the wave equation for δgac. Since the highest-
(second-) order terms are unaffected, the characteristics
of the system are null hypersurfaces, as usual, and the
wave profiles can be taken (exploiting the gauge freedom)
to be transverse in the usual sense. Since the character-
istics are null, the waves propagate at the speed of light.
However, the transport equations, which govern the prop-
agation of those profiles along the null geodesics ruling
the characteristics, are affected by the first-order terms
[17]. In other words, even though the waves’ speed is
unaffected, what is sometimes called the Huygens term,
that is, the form of the wave-front, is changed. The co-
efficient of the first-order term, which determines this
change, involves the chiral current j5a.
I have not so far restricted the matter terms, and one
could imagine different first-order perturbations of the
matter (compatible with the high-frequency character of
the metric perturbations). However, I assume further
that the matter is unperturbed except for its response to
the gravitational waves. This assumption is implemented
in the analysis in Appendix A.
The distinction between gyrotropy and birefringence
can be made at this point. Birefringence generally refers
to different indices of refraction for different polariza-
tions; mathematically, this corresponds to polarization-
dependent highest-order terms in the propagation equa-
tion, which govern the speed of the wave. A circular
birefringence thus will evidently give rise to a rotation
of polarization, that is, a gyrotropy. However, we see
that the gyrotropy here does not come about for this
reason, because the highest-order terms are unchanged.
Gyrotropy without birefringence is possible because the
waves are transverse.
A. First-order perturbations of geometry
Now consider linear perturbations of an arbitrary
“background” space–time with metric gab. If this is per-
turbed by δgab = hab, the change in the connection is
δΓbc
d =
1
2
[∇bhcd +∇chbd −∇dhbc] . (6)
This gives a change
δRac = Rp(ahc)
p −R(a|b|c)qhqb (7)
+
1
2
(∇a∇ch− 2∇(c∇|b|ha)b +∇2hac) ,
in the Ricci tensor and
δGac = Rp(ahc)
p −R(a|b|c)qhqb (8)
+
1
2
(∇a∇ch− 2∇(c∇|b|ha)b +∇2hac)
−1
2
hacR+
1
2
gac
(
Rpqh
pq −∇2h+∇p∇qhpq
)
in the Einstein tensor, where h = haa. (Here vertical
strokes set off postscripts not included in the symmetriza-
tions.)
B. High-frequency expansion
The high-frequency expansion will be done in an in-
variant way, although it will depend on a choice of a foli-
ating family of smooth null hypersurfaces, which will be
the wave-fronts. Let these hypersurfaces be the level sets
of a function u (increasing towards the future, and having
dimension time). Then la = ∇au is the null normal, and
6one has lb∇bla = 0, so la is the parallel-propagated null
tangent to the null geodesics ruling the hypersurfaces.
It is convenient to complete la to a normalized, ori-
ented, null tetrad la, ma, ma, na, where
lana = −mama = 1 (9)
(and all other inner products among them vanish). The
orientation is such that, at any point we could choose a
standard basis with
la = 2−1/2 (∂t + ∂z) (10)
na = 2−1/2 (∂t − ∂z) (11)
ma = 2−1/2 (∂x − i∂y) . (12)
We may choose this basis to be transported parallel along
la. (It is not quite uniquely determined; one could per-
form a null rotation about la. Note that the x, y, z fig-
uring here could not generally be comoving coordinates
in a cosmological application.)
Let us put
δgab ∼ e−iωu
(
h
(0)
ab +
h
(1)
ab
−iω +
h
(2)
ab
(−iω)2 + · · ·
)
+conjugate ;
(13)
we are interested in this in the limit of large ω. Notice
that a covector field
ξa ∼ e−iωu
(
ξ(0)a + · · ·
)
+ conjugate , (14)
would give a gauge transformation
2∇(aξb) ∼ 2e−iωu
(
−iωl(aξ(0)b) +
(
∇(aξ(0)b) + l(aξ(1)b)
)
+ · · ·
)
+conjugate , (15)
and thus by taking ξ(0)a = 0 and adjusting ξ
(1)
a , we may
eliminate any term in h(0)ab proportional to a symmetriza-
tion of la with another covector.
Now one expands the Einstein tensor and the stress–
energy in inverse powers of ω. The perturbation of the
Einstein tensor is
δGab = e
−iωu
(
G
(−2)
ab (−iω)2 +G(−1)ab (−iω) + · · ·
)
+conjugate . (16)
The stress–energy is treated in the appendix.
1. The order (−iω)2 term
As noted above, the order (−iω)2 term for the per-
turbed stress–energy vanishes, and then the leading term
in eq. (16) gives an algebraic restriction on h(0)ab . Pre-
cisely, the term
G(−2)ac =
1
2
(
lalch
(0) − 2l(al|b|h(0)c) b + gac(lplqh(0)pq )
)
(17)
must vanish, and it is an algebraic exercise to verify
this forces h(0)ab to be transverse and trace-free (modulo
gauge). We may therefore discard gauge terms and write
h
(0)
ab = φmamb + ψmamb , (18)
for some functions φ, ψ. (Here φ and ψ are not scalar
metric perturbations, but the spin-weighted coefficients
of tensor perturbations.)
Here note that, in terms of the basis (10)–(12) (which,
recall, is not comoving), we have
mamb =
1
2
[(dxdx− dydy)− i(dxdy + dydx)] (19)
expressed the polarization in terms of the usual e+ =
(dxdx − dydy) and e× = (dxdy + dydx). (This is the
left circular polarization tensor in the sense of Misner,
Thorne and Wheeler [18], but would be the gravitational
analog of right circular optical polarization in the sense of
Jackson [19]. The contribution of the e−iωuφmamb term
to the Weyl tensor is left-handed in the usual particle-
physics sense, and that of e−iωuψmamb is right-handed.)
2. The order (−iω) term
The next, order (−iω), term in the expansion is more
complicated. The equation
G(−1)ac = −8piGT (−1)ac (20)
is a system of ten scalar equations involving h(0)ac and h
(1)
ac .
I shall in this section only consider the left-hand side.
Explicitly, the term is
G(−1)ac =
1
2
(
∇a(lch(0)) + la∇ch(0) − 2(∇(al|b|h(0)c) b + l(a∇|b|h(0)c) b) +∇p(lph(0)ac ) + lp∇ph(0)ac
)
+
1
2
gac
(
−∇p(lph(0))− lp∇ph(0) +∇p(lqh(0)pq ) + lp∇qh(0)pq
)
+
1
2
(
lalch
(1) − 2l(cl|b|h(1)c) b + gaclplqh(1)pq
)
. (21)
Note that the last line here has the same form as eq. (17),
but with h(1)ab replacing h
(0)
ab . This means that, if T
(−1)
ab
were known, one could solve certain components of eq.
(20) algebraically for h(1)ab (modulo gauge) in terms of h
(0)
ab
7and T (−1)ab . In fact, it is not hard to check, given the form
(18) of h(0)ab , that the only terms in (21) that cannot be
influenced by the choice of h(1)ab are those proportional
to mamc and mamc. These will turn out to give us the
transport equations.
We have, then, for the left-hand sides of the transport
equations,
mamcG(−1)ac = l · ∇φ+ (1/2)(∇ · l)φ (22)
mamcG(−1)ac = l · ∇ψ + (1/2)(∇ · l)ψ . (23)
C. The transport equations
We may now assemble the results to get the transport
equations. These are the mama and mama components
of the next-to-leading order term in the high-frequency
expansion of the Einstein equation G(−1)ac = −8piGT (−1)ac .
These components of the Einstein tensor were derived in
the previous subsection; of the the stress–energy, in the
appendix.
The transport equations are:
l · ∇φ+ (1/2)(∇ · l)φ = −4piGil · j5φ (24)
l · ∇ψ + (1/2)(∇ · l)ψ = +4piGil · j5ψ . (25)
So the evolution of the perturbations along the geodesic
is given by
φ(γ(s)) = φ(γ(s0))
× exp
∫ s
s0
[−(1/2)∇ · l − 4piiGl · j5] ds (26)
ψ(γ(s)) = ψ(γ(s0))
× exp
∫ s
s0
[−(1/2)∇ · l + 4piiGl · j5] ds . (27)
In these, the real factor ∇· l gives the usual amplification
or attenuation due to the convergence or divergence of
the null geodesics. However, it is the phase factors which
are of interest here.
Thus the gravitational wave would have the coefficients
of its polarization tensors mamb, mamb gain phases
∓4piG ∫ j5adγa (writing now lads = dγa), which is the ef-
fect a rotation by −2piG ∫ j5adγa, looking along the axis
of propagation into the oncoming wave, would have. By
its construction, the rotation is measured with respect to
parallel transport.
III. GRAVITATIONAL GYROTROPY IN
COSMOLOGY
In this section, I adapt the foregoing results to pertur-
bations of a k = 0 Friedmann–Robertson–Walker space–
time. The goal is to connect with the notations and con-
ventions common in cosmology; computations for partic-
ular classes of chiral distributions will be done in subse-
quent sections.
However, even this section will have to go a bit be-
yond the current conventional treatment. This is be-
cause, as noted in the introduction, gravitational gy-
rotropy will generally violate the ‘cosmic coherence’ as-
sumption which is usually made. This assumption —
which is generally motivated by inflation — requires that
the waves come from a particular squeezed subspace at
the beginning of the hot big bang, a subspace with phase
coherence between the right- and left-circularly polar-
ized modes. If, some time after the big bang but still
in the very early Universe, such gravitational waves pass
through a chiral column density, the initial phase coher-
ence will be lost. This would mean that these later waves,
if propagated backwards in time through a space–time
not containing the chiral column density, would appear
to have come from a different subspace. In fact, phrasing
the analysis in terms of such altered initial data is the
most convenient thing to do, so we need terminology and
conventions suitable for this. The usual modes will be
called beta modes; their natural complement will be the
alpha modes.
A. Preliminaries
I will now use comoving coordinates xj , and a positive-
definite standard Euclidean three-metric εjk used to raise
and lower Euclidean indices; for most purposes I use a
three-vector notation. Usually a conformal time η is used,
although in some places physical time t is more natural.
The metric is then
ds2 = a(η)2
(
dη2 − εjkdxjdxk
)
(28)
= dt2 − a2εjkdxjdxk . (29)
For the perturbations, we will take the circular frequency
ω = k ≥ 0 and the phase function
ku = k(η − kˆ · x) , (30)
where k = kkˆ is the spatial wave-vector (hats indicate
comoving unit vectors). Then the tangent covector is
la = ∇au = dη − kˆ · dx and la = a−2
(
∂η + kˆ ·∇
)
.
For the polarizations, one has
mamb =
1
2
a2(ujuk− vjvk− i(ujvk + vjuk))dxjdxk (31)
for suitable constant unit vectors u, v (with u, v, kˆ
forming a Euclidean right-handed comoving-orthonormal
triad). Thus we could write
mamb =
1
2
a2(+ab − i×ab) , (32)
in terms of the plus and cross polarizations adapted to
the comoving frame.
There is a slight subtlety here, which is the depen-
dence of the polarization tensors on the vector k and its
8consequent behavior under the inversion k→ −k, which
will be important shortly. On one hand, there must be
a dependence (for the polarization is orthogonal to k);
on the other, there is, for each k, the freedom to make
a phase rotation in ma. There is no uniform choice in
the literature for this. I follow Hu and White [20], who
choose u proportional to ∂θ and v proportional to −∂φ
on the sphere, which gives
mamb(−k) = mamb(k) , (33)
and makes +ab(k) parity-even and 
×
ab(k) parity-odd. It
should be emphasized that this is simply a matter of
convention, and that one could equally well include a
minus sign (or direction-dependent phase factor). What
will matter in the end is, of course, the products of the
polarization tensors with the mode functions. However,
just for this reason, this convention does very much affect
the parities of those mode functions.
The leading, order-(−iω)0, term in the metric pertur-
bation is
δgab ∼
∫
d3k e−i(kη−k·x) (φ(k, η)mamb + ψ(k, η)mamb)
+ conjugate
=
∫
d3k eik·x ×[(
e−ikηφ(k, η) + eikηφ(−k, η))mamb(k)
+
(
e−ikηψ(k, η) + eikηψ(−k, η))mamb(k)] , (34)
where the terms in square brackets give the spatial
Fourier transform, as usual.
Now let us turn to the transport equations (26), (27).
We have ∇ala = 2a′/a3 (with the prime denoting differ-
entiation with respect to η) but ds = a2dη, and so
exp−1
2
∫
∇ala ds = a−1 (35)
for the transport factor accounting for the divergence of
the congruence.
B. Primordial waves
It is usually assumed that a stochastic background
of gravitational-wave perturbations, in a particular La-
grange subspace, accompanies the big bang. As noted
earlier, however, waves which subsequently pass through
a chiral density will be affected by a gyrotropy, and this
makes them appear, to later observers not accounting for
the gyrotropy, as having come from a different subspace.
This point of view will be useful in making contact with
CMB modeling. We therefore need to consider primor-
dial waves which may not come from the usual squeezed
subspace.
To see how to proceed, it will be helpful to connect
with some of the standard notation figuring in treatments
of the CMB. Mode functions H(±2) compatible with the
notation of Hu and White [20] are
H(2)(k, η) =
√
2/3
(
e−ikηψ(k, η) + eikηψ(−k, η)) , (36)
H(−2)(k, η) =
√
2/3
(
e−ikηφ(k, η) + eikηφ(−k, η)) . (37)
These are to be understood as stochastic variables. (Hu
and White did not work explicitly with stochastic vari-
ables, instead using mode functions of the scalars (k, η)
and probability distributions; the explicit representation
is due to Seljak and Zaldarriaga [21], although not in
quite this notation.)
In inflationary theory, during the inflationary period
the modes freeze (and are not wavelike gravitational ex-
citations), and then begin to change again after inflation
ends. This condition may be expressed as
∂ηH
(±2)(k, η)
∣∣∣
η=ηe
= 0 , (38)
where ηe is the conformal time at which inflation ends.
This is a very strong constraint on the data for the waves
(and not just on the probability distribution). It re-
stricts them to a particular Lagrange subspace. When
inflation ends, some sort of pre-heating and reheating
is supposed to occur, giving a transition to a radiation-
dominated expansion, at, say ηrad. In the transition pe-
riod ηe ≤ η ≤ ηrad, in principle, the gravitational waves
could be significantly affected by the precise nature of
the space–time through which they pass: there is some
evolution taking the data (H(±2)(k, ηe), ∂ηH(±2)(k, ηe))
at ηe to those at ηrad, which depends on the physics of
the transition.
In practice, it is usually assumed that the data at ηrad
can be set by a limiting case of eq. (38). That is, one
works with a radiation-dominated model beginning at
conformal time ηrad = 0, and takes the initial data for
the gravitational waves to be constrained by
lim
η↓0
∂ηH
(±2)(k, η) = 0 . (39)
This assumption is used very strongly in contemporary
CMB modeling, and is the justification for working with
transfer functions giving the response of temperature and
polarization to the (limiting) initial data for the value of
the tensor metric perturbation and ignoring the transfer
functions for the response to the (limiting) initial value
for its time-derivative.
We have in mind a situation where, sometime after the
big bang but still in the very early Universe (in particu-
lar, in the radiation era), primordial gravitational waves
passed through a chiral current. While the physical waves
themselves will be supposed to obey the constraint, their
appearance after passing through the chiral current, will
be the same as waves not having passed through such
a current but also not obeying the constraint. We thus
wish to consider data not obeying the constraint, even
though the solution those data correspond to is the phys-
ically correct one only after the encounter with the chiral
current.
9In the radiation-dominated era, the high-frequency ex-
pansion is a good one. Taking into account the com-
putation of the transport effects at the end of the last
subsection, we will have
φ(k, η) =
a′(0)
a(η)
λ(k)
ψ(k, η) =
a′(0)
a(η)
ρ(k)
 before encountering ja5 , (40)
where λ and ρ, depending only on k, may be regarded
as giving the initial left- and right-circularly polarized
densities of gravitational waves, and the factor a′(0) is
included to make the relation independent of the overall
scale of a.
Because the modes generally diverge as η−1 as η ↓ 0,4
it is easiest to work with ηH(±2)(k, η), and identify the
initial data
α(2)(k) = lim
η↓0
ηH(2)(k, η)
=
√
2/3(ρ(k) + ρ(−k)) (41)
β(2)(k) = lim
η↓0
∂ηηH
(2)(k, η)
= −ik
√
2/3(ρ(k)− ρ(−k)) (42)
α(−2)(k) = lim
η↓0
ηH(−2)(k, η)
=
√
2/3(λ(k) + λ(−k)) (43)
β(−2)(k) = lim
η↓0
∂ηηH
(−2)(k, η)
= −ik
√
2/3(λ(k)− λ(−k)) . (44)
Note that knowledge of these functions is equivalent to
knowledge of λ and ρ. The usual restriction (implication
of “cosmic coherence”) is that α(±2) should vanish; the
data are then taken to be β(±2), and these accord with
the limiting values of H(±2) in the case α(±2) = 0. We
assume as usual that the expectations 〈β(±2)〉 vanish and
we have
〈β(±2)(k)β(±2)(k´)〉 = P(k)δ(k + k´) (45)
〈β(2)(k)β(−2)(k´)〉 = 0 . (46)
IV. THE SPATIALLY UNIFORM CASE
We consider here the case of a spatially uniform chiral
current.
A. Formulas for the CMB correlations
Deriving the formulas for the CMB correlations is
largely a matter of assembling previous results.
In the radiation era, if no chiral current is present, the
gravitational waves are given by the general form (40).
The initial data are determined by the relations (41)–
(44). We make the usual hypothesis that the physical
waves correspond to data α(±2) = 0, 〈β(±2)〉 = 0, and
eqs. (45), (46). We now regard λ and ρ as determined by
these initial data; then eq. (40) applies before the waves
encounter the chiral current.
After passage through the chiral density, we will have
additional phase factors:
φ(k, η) =
a′(0)
a(η)
e−4piiGN5λ(k)
ψ(k, η) =
a′(0)
a(η)
e+4piiGN5ρ(k)
 after encountering ja5 ,
(47)
where N5 is the chiral column density. These phase rota-
tions have the same effect as would changing the initial
data to
[
α
(±2)
5
β
(±2)
5
]
= (48)[
cos(4piGN5) ∓k−1 sin(4piGN5)
±k sin(4piGN5) cos(4piGN5)
] [
α(±2)
β(±2)
]
.
The gravitational waves, then, are given by evolving the
initial data (48). The waves’ correlations follow from
those of the data. Using eqs. (48), (45), (46) and a little
algebra, we may express these as
〈[
α
(±2)
5 (k)
β
(±2)
5 (k)
] [
α
(±2)
5 (k´) β
(±2)
5 (k´)
] 〉
=
[
k−2 sin2(4piGN5) ∓k−1 sin(4piGN5) cos(4piGN5)
∓k−1 sin(4piGN5) cos(4piGN5) cos2(4piGN5)
]
×P(k)δ(k + k´) ; (49)
4 It is worth recalling, however, that to get the metric perturba-
tions one must multiply by the square of the conformal factor,
that is, by ∼ η2, so all of these waves are bounded in the usual
chart.
there are no correlations between quantities with super-
scripts of opposite signs.
We now turn to the gravitational waves’ effects on the
CMB. To work this out, we must introduce transfer func-
tions corresponding to the data α(±2). Let ∆X
β(±2) be the
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usual transfer function of type X (temperature, E- or B-
mode polarization), and set ∆X
α(±2) as the corresponding
transfer function for the α(±2) data. Then ignoring, for
the moment, the chiral density, the quantity X(n), de-
pending on the direction n, will be a stochastic variable∑
±
∫
d3k
(
∆Xα(±2)(n,k)α
(±2)(k) + ∆Xβ(±2)(n,k)β
(±2)(k)
)
.
(50)
The usual parity relations
∆Eβ(+2) = ∆
E
β(−2) and ∆
B
β(+2) = −∆Bβ(−2) , (51)
and likewise for α, hold. In fact, it will be the transfer
functions resolved by multipole, that is ∆X
lβ(±2)(k) and
∆X
lα(±2)(k), that enter in the computations. The analysis
for the alpha-modes is completely parallel to that of the
beta-modes; only the initial conditions are different.
To take into account the gravitational waves’ passage
through the chiral density, assuming that this happens
before the usual hot-big-bang physics, we need only re-
place α(±2), β(±2) in eq. (50) by α(±2)5 , β
(±2)
5 . We will
therefore have
CXYl = (2l + 1)
−1∑
±
∫
d3kP(k)
{
∆
X
lα(±2)(k)∆
Y
lα(±2)(k)k
−2 sin2(4piGN5)
∓∆Xlα(±2)(k)∆Ylβ(±2)(k)k−1 sin(4piGN5) cos(4piGN5)
∓∆Xlβ(±2)(k)∆Ylα(±2)(k)k−1 sin(4piGN5) cos(4piGN5)
+∆
X
lβ(±2)(k)∆
Y
lβ(±2)(k) cos
2(4piGN5)
}
= (2l + 1)−1
∫
d3kP(k)
{
(1 + piXpiY )∆
X
lα(+2)(k)∆
Y
lα(+2)(k)k
−2 sin2(4piGN5)
−(1− piXpiY )∆Xlα(+2)(k)∆Ylβ(+2)(k)k−1 sin(4piGN5) cos(4piGN5)
−(1− piXpiY )∆Xlβ(+2)(k)∆Ylα(+2)(k)k−1 sin(4piGN5) cos(4piGN5)
+(1 + piXpiY )∆
X
lβ(+2)(k)∆
Y
lβ(+2)(k) cos
2(4piGN5)
}
, (52)
where piX , piY are the parities of the transfer functions
for X and Y .
We see from eq. (52) that the correlations are 2pi-
periodic in
θ = 8piGN5 , (53)
with purely conventional, beta-mode, contributions for
θ an even multiple of pi and purely alpha-mode con-
tributions for odd multiples. The alpha–beta cross-
contributions come from mixed parities of X and Y ,
whereas the pure alpha–alpha and beta–beta contribu-
tions come from like parities.
It will be convenient to consider the cases of matched-
parity and opposite-parity correlations separately. For
matched parities, we may write
CXY` = C
XY
`ββ (1 + cos θ) + C
XY
`αα(1− cos θ) for piX = piY
(54)
with
CXY`αα = (2 + 1)
−1
∫
d3kP(k)∆Xlα(+2)(k)∆Ylα(+2)(k)k−2 (55)
CXY`ββ = (2 + 1)
−1
∫
d3kP(k)∆Xlβ(+2)(k)∆Ylβ(+2)(k) , (56)
and, for opposite parities,
CXY` = −
(
CXY`αβ + C
XY
`βα
)
sin θ for piX = −piY (57)
with
CXY`αβ = (2 + 1)
−1
∫
d3kP(k)∆Xlα(+2)(k)∆Ylβ(+2)(k)k−1 (58)
CXY`βα = (2 + 1)
−1
∫
d3kP(k)∆Xlβ(+2)(k)∆Ylα(+2)(k)k−1 . (59)
It should be emphasized that the factor of k−1 ac-
companying the alpha-mode transfer functions does not
of itself indicate any tilt of effects towards the red and
away from the blue. A moment’s reflection will show
that in fact the transfer functions for the different sorts
of modes have different dimensions (since the data α(±2),
β(±2) do), and cannot be directly compared. According
to eqs. (41)–(44), a unit beta-mode will correspond to
H(2) ∼ (sin(kη))/(kη) as η ↓ 0, whereas a unit alpha-
mode will correspond to ∼ k(cos(kη)/(kη)); this is the
reason for the factor k−1. To meaningfully compare the
two sorts of functions, we should consider ∆X
lβ(±2) and
k−1∆X
lα(±2) , which means considering the responses of
the CMB to gravitational modes whose initial data are
∼ (sin(kη)/(kη)) and ∼ (cos(kη))/(kη).
We can see that, for any fixed k, at sufficiently small η,
the alpha-type modes will dominate. On the other hand,
the transfer functions are computed by integrating the
derivative of the gravitational wave field against a spher-
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ical Bessel function but weighted by factors involving the
transmittance. The transmittance vanishes very swiftly
as η decreases. Thus for the alpha-modes to contribute
distinctive effects, we must have significantly larger grav-
itational waves in the epoch after the Universe is opaque.
So, roughly speaking, we may expect the alpha-mode ef-
fects to be enhanced for wave-numbers below about the
inverse conformal time of recombination, corresponding
to multipole indices . 100. However, for larger k (and l)
values, we would expect the alpha- and beta-mode effects
to be roughly comparable. In short, we expect the alpha-
mode effects are enhanced over the beta-modes ones in
the red, but roughly comparable in the blue, the turn-
around being of order l ∼ 100.
We may more specifically ask what happens to the
transfer functions as k decreases. For very low values
of k (comparable to the inverse of the conformal age of
the Universe), the derivative of the gravitational wave
field goes like 1/(kη2) for beta-modes, as opposed to k2η
for alpha-modes. Other factors in the integrand give a
power of k depending on the particular type of transfer
function. For temperature, it is kl−2 with l the multipole
index, so we expect a behavior ∼ kl−3 for the alpha-mode
transfer functions. In particular, the quadrupole term
will diverge as k−1 for low k, whereas the others will be
finite.
These expectations are confirmed by numerical compu-
tations of the transfer functions and of their correlations.
B. Numerical results
Numerical computations of the transfer functions and
their correlations were made with a slightly modified
CLASS program, version 2.4.3 [11, 12]. The cosmolog-
ical data were taken from the version supplied as de-
fault, and are compatible with the WMAP/Planck 2013
results; the tensor-to-scalar ratio was r = .35 (with
pivot scale .05 Mpc−1), with primordial spectra compati-
ble with slow-roll inflation. Because of the slow-roll con-
dition, the shape of the primordial spectrum depends
somewhat on r. The results for the computations here
are, however, close to linear in r, except occasionally for
the l = 2 values. Since the l = 2 correlations are most
susceptible to cosmic variance, a detailed catalog of their
variation with r is not given.
The next subsection outlines some technical details of
the computation, and can be skipped. One interesting
physical point is uncovered, there, however: the alpha-
modes probe the tight-coupling regime significantly bet-
ter than do the beta-modes, so an observation of alpha-
mode effects would give us information about an earlier
period.
FIG. 1. Alpha and beta mode gravitational-wave transfer
functions, computed with a modified version of CLASS, using
cosmological data are compatible with Planck/WMAP 2013
results. (Top: temperature transfer functions. Middle: E
mode transfer functions. Bottom: B mode transfer functions.
(All are for ` = 2.)
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1. Computational details
CLASS is designed so that alpha-mode waves could in
principle be incorporated along with beta-modes. How-
ever, rather than systematically rewrite the program, the
initial conditions for the waves were changed when alpha-
modes were required, and in each case the transfer func-
tions written out to a file.
Two other points are worth mentioning:
1. The code does not actually evolve the perturbations
from conformal time zero, but from a suitably small
initial time ηinit. However, the code as written as-
sumes that the data (for the beta-modes) are given
in terms of the limiting value for H(+2) as η ↓ 0.
This potentially leads to an error of order (kηinit)2
for small kηinit; the code was modified to take into
account the data (for alpha- or beta-modes) being
given at finite ηinit.
2. At very early times, one is in the tight-coupling
regime. The perturbation equations are then
stiff. The code can integrate these, but does use
a tight-coupling approximation. However, while
for scalar modes a sophisticated higher-order
approximation is used, for tensor modes it is a
first-order approximation. For beta modes, with
default precision parameters, this is adequate, but
for the alpha modes it was found not to be so. This
is not really surprising, since the CMB responds
to the time-derivative of the metric perturbation,
and this is large for the alpha-modes at early
times, whereas the beta-mode contributions are
small then. To deal with this, in lieu of writing a
higher-order tight-coupling treatment, the trigger
for the start of the tight-coupling approximation
was pushed downwards until stable numerical re-
sults were achieved. The precision parameters used
were: q_logstep_spline = 5, l_linstep = 20,
start_sources_at_tau_c_over_tau_h=
1.e− 3, tight_coupling_trigger_tau_c_
over_tau_k = 5.e− 4.
Physically, this means that the alpha-mode effects
probe the tight-coupling regime better than do the beta-
mode ones, and so a detection of alpha-mode effects
would potentially give us new information.
2. The transfer functions
Figure 1 shows the alpha- and beta-mode l = 2 trans-
fer functions ∆Xlα/k and ∆
X
lβ . One can see in these the
enhanced contribution of the alpha-modes at low values
of k (but comparable behavior at larger k), and indeed
the tail effects as k ↓ 0, as discussed earlier. For higher
multipoles, one does not have tails, but still enhancement
of the alpha-modes at low k.
3. Correlations
Figures 2, 3 show the contributions to the same-parity
correlation functions from the alpha and beta modes,
along with 2015 data from Planck.5 Recall here that
the beta- and alpha-mode contributions, shown, must
be combined with factors 1 ± cos θ to get the net effect
(eq. (54)). Since the correlations are compatible with the
data for θ = 0 (modulo 2pi) but no firm evidence exists
at present for tensor modes, one can use these results
with observations to constrain r and θ (modulo 2pi) to
be close to zero. A full investigation of this would be a
large project, and will not be undertaken here. However,
some rough estimates of upper bounds of the magnitudes
of the effects will be made.
There are two issues to bear in mind in forming these
estimates. The first is cosmic variance, because the po-
tential discrepancies between the data and the effects
posited here are greatest at low multipoles. (In particu-
lar, fluctuations due to scalars and tensors could combine
with like or opposite signs.) The second issue is that the
observations are highly correlated and the individual re-
ported error bars, based on Fisher matrices, can only be
taken as a general guide to the size of the uncertainties.
For the TT correlations, the alpha-mode factors CTTlαα
are significantly higher than observations for low multi-
poles. If we take the most extreme case, the quadrupole,
the observed value is somewhat low compared to what is
predicted on the basis of scalar perturbations; this could
be due to a scalar fluctuation, a flaw in the theory, or a
cancellation of a scalar and a tensor fluctuation. In order
to get an estimate, we must suppose the theory is correct.
To estimate an upper bound, let us ignore the possibil-
ity of scalar contributions and use the upper range of
the reported error bar, about 800 (µK)2. Then we get
(r/.35) sin2 θ/2 . 3× 10−4. The corresponding estimate
from the octopole would be (r/.35) sin2 θ/2 . 4 × 10−2.
Similar (or weaker) constraints come from the EE, BB
and TE correlations.
I should emphasize that these computations represent
only very rough estimates for upper bounds on the mag-
nitudes of the alpha-mode effects. Still, it is notable how
weak those estimates are. Taking r = .1, the quadrupole
estimate gives us |θ| . .05 (modulo 2pi). The octopole
estimate, with r = .1, would give |θ| . .8 (modulo 2pi).
If r = .01, the quadrupole gives us |θ| . .2 (modulo 2pi),
and the octopole gives no restriction at all.
The cross-correlations (TE, mentioned already, and
EB, TB) have some interesting structure with respect
to the alpha and beta modes: the signs of the alpha-
alpha and beta-beta contributions to TE are closely cor-
related (Figure 3). For the opposite-parity correlations
5 The CLASS convention for the sign of E is used for the quantities
computed in this paper. Since the convention for the Planck data
is opposite, a minus sign appears when correlations involving one
E mode are compared.
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FIG. 2. Alpha and beta mode contributions to the TT, EE, TE and BB correlations (clockwise from top left), for a tensor-to-
scalar ratio r = .35 and cosmological data compatible with Planck/WMAP 2013 results, along with low-multipole data from
Planck.
EB and TB, only the sums CXY`αβ + C
XY
`βα would be ob-
servable. However, in Figure 4, I have shown the sum-
mands because of their curious behavior: the EB graphs
quite similar, and the TB ones nearly identical. It would
be worthwhile developing a detailed physical understand-
ing of this, perhaps along the semiquantitative lines of
Baskaran et al [22].
No reliable observational detection of EB or TB cor-
relations has presently been considered to have been
made. In the case of EB modes, the effects described
here are within the accepted observational bounds. On
the other hand, the TB predictions are affected. We get
a bound (r/.35)| sin θ| . 1/10, corresponding to |θ| . .4
for r = .1. For r = .01, there is no restriction on θ.
V. INHOMOGENEOUS CHIRAL DENSITIES
I now consider the effects of inhomogeneous chiral den-
sities. These are technically more difficult to compute,
and I will only consider effects of first order in the chi-
ral density. The main effect is to smear out the effects
of the gravitational waves in wave-vector space, so that
correlations are due to pairs of waves with slightly dif-
ferent wave-vectors. (This is not surprising, as the waves
are scattering off the chiral density.) One new feature
that occurs in this case is an expectation of circularly
polarized gravitational waves. (Circular polarization is
not induced in the CMB, because the only mechanism
in the model for inducing CMB polarization is Thomson
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FIG. 3. Alpha and beta mode contributions to the TE corre-
lations, for a tensor-to-scalar ratio r = .35 and cosmological
data compatible with Planck/WMAP 2013 results. For neg-
ative correlations, the absolute value is shown but the graph
is shaded below. The signs of the alpha- and beta-mode con-
tributions correlate closely.
scattering, which does not give circular effects.)
For simplicity, I shall take the chiral current to be lo-
calized at a conformal time η5 corresponding to a physical
time t5, and write
ja5 = N5δ(t− t5) = N5a−1δ(η − η5) . (60)
Since the treatment is linear one can simply superpose
such results to get the effect more generally; however,
the results as given are of some interest, as in some early-
Universe models one would have as a first approximation
an impulsive creation of chiral density, cut off either by
local physics or expansion.
After the waves have passed through the chiral density,
the functions λ and ρ will pick up, according to eqs. (26),
(27), first-order changes given by
δ5λ = −
(
4piiG
∫
l · j5 ds
)
λ (61)
δ5ρ = +
(
4piiG
∫
l · j5 ds
)
ρ . (62)
We may write
∫
l · j5 ds =
∫
j5 · dγ, where γ is a null
geodesic with tangent la; the second form of the integral
is manifestly independent of the parameterization of the
geodesic. If (η,x) are the coordinates of a point in space–
time, then the null geodesic starting from that point and
directed along la will be γ(u) = (η + u,x + ukˆ) in a
convenient, but not affine, parameterization. Then∫ 0
−∞
N5(x+ukˆ)δ(t−t5) a du = N5(x+(η5−η)kˆ) , (63)
using a du = a dη = dt along γ.
The form of the results at this point is quit simple, but
this is in part because they are in a mixed direct space–
Fourier space representation, the argument of N5 involv-
ing both the comoving coordinate x and the Fourier di-
rection kˆ. To connect with the usual formalism, we must
complete the passage to Fourier space.
A. Fourier space
The leading, order-(−iω)0, term in the metric pertur-
bation is
δgab ∼
∫
d3k e−i(kη−k·x) (φ(k, η)mamb + ψ(k, η)mamb)
+ conjugate
=
∫
d3k eik·x ×[(
e−ikηφ(k, η) + eikηφ(−k, η))mamb(k)
+
(
e−ikηψ(k, η) + eikηψ(−k, η))mamb(k)] , (64)
where the terms in square brackets give the spatial
Fourier transform, as usual. In the era before the cur-
rent, this form applies with φ(k, η), ψ(k, η) given by eq.
(40). After that, however, there will be an additional
contribution to eq. (64) given by
δ5gab ∼ 4piiG
∫
d3k e−i(kη−k·x)a−1 × (65)(
−λ(k)N5(x+ (η5 − η)kˆ)mamb
+ρ(k)N5(x+ (η5 − η)kˆ)mamb
)
+ conjugate .
The idea now will be to Fourier transform this with re-
spect to the spatial variables, in order to derive a scat-
tering formula for the gravitational waves in wave-vector
space. In principle, there are various technical compli-
cations which can arise in such a calculation (related
to gauge freedom), but we shall see that in the high-
frequency limit there is a simple result.
The spatial Fourier transform is
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FIG. 4. Alpha and beta mode contributions to the EB and TB correlations, for a tensor-to-scalar ratio r = .35 and cosmological
data compatible with Planck/WMAP 2013 results. Top left: individual alpha-beta and beta-alpha cross-term contributions
to the EB correlations. Top right: total cross-term EB contributions. Bottom left: individual alpha-beta and beta-alpha
cross-term contributions to the TB correlations. Bottom right: total cross-term TB contributions.
(2pi)−3
∫
δ5gabe
−ik´·xd3x = 4piiGa−1
∫
d3k
[
e−ikηN̂5(k´ − k)eikˆ·(k´−k)(η5−η) (−λ(k)mamb + ρ(k)mamb)
+eikηN̂5(k´ + k)e
−ikˆ·(k´+k)(η5−η) (−λ(k)mamb + ρ(k)mamb)]
= 4piiGa−1
∫
d3k
[
e−ik´ηN̂5(k´ − k)eikˆ·k´(η5−η)+ik´η−ikη5) (−λ(k)mamb + ρ(k)mamb)
+eik´ηN̂5(k´ + k)e
−ikˆ·k´(η5−η)−ik´η+ikη5) (−λ(k)mamb + ρ(k)mamb)]
= 4piiGa−1
∫
d3k
[
e−ik´ηN̂5(k´ − k)ei(k´−kˆ·k´)η+i(kˆ·k´−k)η5 (−λ(k)mamb + ρ(k)mamb)
+eik´ηN̂5(k´ + k)e
i(kˆ·k´−k´)η+i(k−kˆ·k´)η5 (−λ(k)mamb + ρ(k)mamb)] , (66)
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where N̂5 is the Fourier transform of N5. In each case,
here, the polarization factors mamb, mamb are taken at
k.
Eq. (66) represents a single Fourier mode of the per-
turbation, and should therefore have the same form as
the factor in square brackets in eq. (64), for some dif-
ferent φ and ψ and with the variable k´ in eq. (66) cor-
responding to k in eq. (64). This does not appear to
be the case, for two reasons. First, since in this regime
there is no chiral current, one would think that the η-
dependence within the square brackets would simply be
through factors e±ik´η (modulo gauge issues), but other
η-dependent factors appear as well. Second, the polar-
izations mamb(k), mamb(k) in eq. (66) ought to be re-
cast in terms ofmamb(k´),mamb(k´) (also modulo gauge).
These two concerns do not cancel each other out. The
resolution is different.
The issue is that we are applying the high-frequency
limit not to a single wave but to a distribution of them
weighted by λ(k) and ρ(k), and some sort of uniformity
in the expansion must be assumed. This enters in the
expressions above in the factors N̂5(k´ ∓ k). Since the
basic assumption of the high-frequency limit is that the
gravitational waves vary more rapidly than do quantities
like the chiral density, the Fourier transform N̂5 cannot
be supported significantly for very large wave-vectors;
it must fall off. But since k is very large in the high-
frequency expansion, we must have k´ relatively close to
±k.
To proceed quantitatively, we will assume ‖k´ ∓ k‖ is
O(1) in ‖k‖ where N̂5(k´ ∓ k) has significant support.
Then (taking the upper sign, for simplicity) we have
‖k´‖ = ‖k + (k´ − k)‖
= ‖k‖+ kˆ · (k´ − k) +O(‖k‖−1)
= kˆ · k´ +O(‖k‖−1) (67)
‖k´‖ − kˆ · k´ = O(‖k‖−1) (68)
‖ˆ´k − kˆ‖ =
√
2− 2ˆ´k · kˆ = O(‖k‖−1) , (69)
where the last line follows from Eq. (67). Equations
(67, 68) allow us to simplify the exponents in eq. (66);
Equation (69) justifies neglecting, to leading order, dis-
crepancies in polarizations relative to k versus k´. With
these simplifications, the formula (66) becomes
(2pi)−3
∫
δ5gabe
−ik´·xd3x = 4piiGa−1
∫
d3k ×[
e−ik´ηN̂5(k´ − k)ei(k´−k)η5 (−λ(k)mamb + ρ(k)mamb)
+eik´ηN̂5(k´ + k)e
i(k−k´)η5 (−λ(k)mamb + ρ(k)mamb)] . (70)
Thus the effect is (appropriately relabeling)
δ5λ(k) = −4piiG
∫
d3k´ N̂5(k − k´)ei(k−k´)η5λ(k´) (71)
δ5ρ(k) = +4piiG
∫
d3k´ N̂5(k − k´)ei(k−k´)η5ρ(k´) .(72)
Evidently the effect of the chiral density is to smear out
the wave-packets defined by the distributions λ(k), ρ(k)
by an amount ∼ N5(x− (η − η5)kˆ).
In turn, this effect is the same as would be achieved by
a perturbation of the initial data in the amount
δ5α
(2) =
√
2/3(δ5ρ(k) + δ5ρ(−k))
=
√
2/3(4piiG)
(∫
d3k´ N̂5(k − k´)ei(k−k´)η5ρ(k´)
−
∫
d3k´ N̂5(−k − k´)e−i(k−k´)η5ρ(k´)
)
= (2piiG)
(∫
d3k´ N̂5(k − k´)ei(k−k´)η5(α(k´)− β(k´)/ik´)
−
∫
d3k´ N̂5(−k − k´)e−i(k−k´)η5(α(k´) + β(k´)/ik´)
)
= −4piG
∫
d3k´
k´
N̂5(k − k´) cos((k − k´)η5)β(2)(k´) (73)
δ5α
(−2) = 4piG× (74)∫
d3k´
k´
N̂5(k − k´) cos((k − k´)η5)β(−2)(k´)
δ5β
(±2) = ∓4piG× (75)
k
∫
d3k´
k´
N̂5(k − k´) sin((k − k´)η5)β(±2)(k´) .
From these and eqs. (45), (46) we have the expectations
〈δ5α(±2)(k)β(±2)(k´)〉 = ∓4piGN̂5(−k´ − k) cos((k − k´)η5)k´−1P(k´) (76)
〈β(±2)(k)δ5α(±2)(k´)〉 = ∓4piGN̂5(k´ + k) cos((k − k´)η5)k−1P(k) (77)
〈δ5β(±2)(k)β(±2)(k´)〉 = ∓4piGN̂5(−k´ − k) sin((k − k´)η5))k´−1P(k´) (78)
〈β(±2)(k)δ5β(±2)(k´)〉 = ∓4piGk´N̂5(k´ + k) sin((k´ − k)η5)k−1P(k) . (79)
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B. Effect on CMB correlations
With the previous subsection’s results, we may immediately compute the change in the CMB correlations:
δ5C
XY
l = (2l + 1)
−1∑
±
∫
d3kd3k´
(
∆
X
lα(±2)(k)∆
Y
lβ(±2)(k´)〈δ5α(±2)(k)β(±2)(k´)〉+ ∆
X
lβ(±2)(k)∆
Y
lα(±2)(k´)〈β
(±2)
(k)δ5α
(±2)(k´)〉
+∆
X
lβ(±2)(k)∆
Y
lβ(±2)(k´)〈δ5β
(±2)
(k)β(±2)(k´) + β
(±2)
(k)δ5β
(±2)(k´)〉
)
(80)
= −(2l + 1)−1(1− piXpiY )4piG
∫
d3kd3k´Nˆ5(k´ + k)×((
∆
X
lα(2)(k)∆
Y
lβ(2)(k´)k´
−1P(k´) + ∆Xlβ(2)(k)∆Ylα(2)(k´)k−1P(k)
)
cos((k − k´)η5)
+∆
X
lβ(2)(k)∆
Y
lβ(2)(k´)(k´
−1P(k´)− k−1P(k)) sin((k − k´)η5)
)
. (81)
There are four important features of this: (a) The only
changes which are first-order in N5 are for the mixed-
parity correlations, as they should be (given the odd par-
ity of N5). (b) The correlations found here are nonlocal
in Fourier space, in contrast to the standard formulas for
the effects of gravitational waves. This nonlocality is not
really very surprising, however, because, roughly speak-
ing, the waves are scattering off the chiral density, and
this has the effect of smearing them. (c) In these formu-
las, the conformal time η5 at which the chiral density was
encountered enters explicitly. Therefore observation of
these effects would give us information about the confor-
mal time at which the gravitational waves passed through
the chiral density. (d) Because the transfer functions de-
pend only on the magnitudes of the wave-vectors, they
are real, and hence the correlation here responds only to
the real part of Nˆ5, which is to say the symmetric (under
reflection) part of N5(x). This is really a consequence of
parity properties. There is an interesting contrast with
gravitational waves, however, as we see next.
C. Circularly polarized gravitational waves
While the chiral current does not lead, by the effects
considered here, to circular polarizations in the CMB, it
does give rise to such polarizations for the gravitational
waves. More precisely, it induces non-trivial expectations
of such polarizations.
A measure of the expected circular polarization of
gravitational waves would be
V (k, k´) = δ5〈ρ(k)ρ(k´)− λ(k)λ(k´)〉 . (82)
The diagonal values V (k,k) may be thought of as a grav-
itational analog of the corresponding optical Stokes pa-
rameter. A computation using the formulas above gives
3piiG cos((k − k´)η5)× (83)(
(k)−2N̂5(k + k´)P(k)− (k´)−2N̂5(−k − k´)P(k´)
)
+ 3piG
sin((k − k´)η5)
kk´
×(
(k´)−1N̂5(−k − k´)P(k´)− (k)−1N̂5(k + k´)P(k)
)
for V (k, k´). Note that this is sensitive to the odd part of
N5. Also, while this two-point function is sensitive to the
conformal time η5 at which the waves pass through the
conformal density, the gravitational Stokes parameter
V (k,k) = 3piiGk−2P(k)(Nˆ5(2k)− Nˆ5(−2k)) (84)
is not.
VI. DISCUSSION
The main result here is a remarkably clean formula for
the gryotropy of gravitational waves by a chiral column
density N5: a wave’s polarization is rotated by 2pi`2PlN5.
This is striking enough to suggest that there are impor-
tant further connections between chiral physics and grav-
ity, at very high energies or in the very early Universe.
Of course, such connections have been suggested for a
long time; what is different here is that the primary ef-
fect does not rely on postulating any exotic physics: it is
a consequence of conventional general relativity.
This novel effect grows out of the fact that usual spin
one-half stress–energy has a term depending on deriva-
tives of the metric — unlike the behavior of other con-
ventional elementary fields. This meant that the equa-
tions governing the transport of gravitational wave pro-
files along their geometric-optics trajectories respond to
the presence of fermions. That coupling turns out to be
to the chiral current j5a, but with a Planck-area prefactor.
Thus the effects involved are tiny unless very large chiral
column densities N5 can be achieved.
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Because j5a is parity-odd, this chiral coupling will in-
terconvert E- and B-mode gravitational waves, and in
particular a distribution of waves which initially had E-E
or B-B correlations would develop E-B ones after pass-
ing through a chiral density. These would in principle be
directly observable, if we were able to detect the gravi-
tational waves. Because of the waves’ couplings to the
cosmic microwave background, they would produce E-B
(and T-B) correlations in the CMB as well.
However, the passage of the gravitational waves
through a chiral density will give other, arguably more
primitive effects: it will disturb the “cosmic coherence”
which determines the subspace (what I have called the
beta-modes) of initial conditions for gravitational waves
within big-bang models. After the waves pass through
the chiral density, they will acquire components in a com-
plementary subspace (the alpha-modes). This means in
particular that in order to compute the effects on the
CMB we require transfer functions responding to those
complementary degrees of freedom. These transfer func-
tions were computed numerically with a slightly modified
CLASS program, and the resulting correlations worked
out (to all orders in N5 in the case where it was spatially
constant; to first order in general).
In the spatially constant case, the effects were 2pi-
periodic in θ = 8pi`2PlN5. A very rough comparison with
data from Planck was made, and this did not uncover any
restrictions on θ one could be confident in for tensor-to-
scalar ratio r . .01.
It is worthwhile noting that gravitational gyrotropy
has implications, in principle, for gravitational mem-
ory effects. These effects, which go back to Bondi
[23] and have become best known through the paper of
Christodoulou [24], concern a sort of gauge mismatch be-
tween two quiescent regimes at null infinity for an isolated
system, bracketing an emission of gravitational radiation.
The mismatch is characterized by the E-mode difference
in the Bondi shears of the two regimes. However, it has
long been known that in principle there may be a B-mode
contribution as well. What the work here shows is that, if
the waves pass through a chiral density on their way out-
wards, there will be contributions to the B-mode changes
in consequence of the E-mode ones. The B-mode effects,
unlike the E-mode ones, cannot be absorbed in changes
of gauge; they contribute to the spin angular momentum
of the gravitational radiation [14].
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Appendix A: Perturbing a Fermi field and its
stress–energy
This appendix depends on some of the formulas derived
in section 2.2.
1. Notation and conventions
The conventions for space–time and two-spinors are
those of Penrose and Rindler [15, 16]. These books do not
use four-component spinors in their analysis, and their
conventions for two-component spinors and space–time
are compatible with much other work. These books do
give, in notes (see [15], p. 221 and [16], p. 460), formu-
las for converting to Dirac spinors, but we shall not use
those conventions, because they are adapted to an oppo-
site sign for γaγb+γbγa from what is generally used in the
quantum-field-theoretic literature. With our choices, our
conventions for four-spinors conform to those of Schweber
[26].
The space–time metric is gab; it has signature + − −
−. The curvature tensors satisfy [∇a,∇b]vd = Rabcdvc,
Rac = Rabc
b, R = Raa, Gab = Rab − (1/2)Rgab. The
volume form is abcd and we have txyz = +1 in a right-
handed future-pointing orthonormal basis.
Two-spinors are denoted by symbols like κA, conjugate
spinors as λA
′
. The conjugation map is denoted by an
overbar: κA 7→ κA′ . Spin-space is equipped with a non-
degenerate skew form AB , whose conjugate is denoted
A′B′ .
Spinor and vector indices are related through the
Infeld–van der Waerden symbols σaAA
′
, so that we
put vAA
′
= vaσa
AA′ , etc. We have gab =
σa
AA′σb
BB′ABA′B′ . The spinor form of the alternating
tensor abcd is iACBDA′D′B′C′ − iADBCA′C′B′D′ .
A Dirac spinor will be represented by a pair of two-
spinors:
ψ =
[
ψQ
′
ψQ
]
. (A1)
The Dirac symbols are given by
γa =
√
2
[
0 σa
P ′Q
σaPQ′ 0
]
(A2)
and satisfy γaγb + γbγa = 2gab. As noted above,
these conventions for the relation between two- and four-
component spinors, and for the Dirac gammas, differ
from those of Penrose and Rindler. With the present
conventions, we have an exact correspondence between
the standard basis described on pp. 120–125 of Penrose
and Rindler [15] or pp. 6–8 of [16] and the Weyl basis on
p. 79 of Schweber [26].
The Dirac adjoint is
ψ˜ =
[
ψQ′ ψ
Q
]
, (A3)
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and the Dirac current is thus
jAA′ = ψ˜γAA′ψ =
√
2
(
ψA′ψA + ψAψA′
)
. (A4)
More correctly, we should treat ψ as a Fermi field oper-
ator and use the antisymmetrized form
(1/2)[ψ˜γAA′ , ψ] = 2
−1/2 (ψA′ψA + ψAψA′ − ψAψA′ − ψA′ψA) .
(A5)
This gives as usual the current of fermions minus an-
tifermions.
We take
γ5 =
1
24
abcdγ
aγbγcγd =
[
i
−i
]
. (A6)
(Many authors use −i times this.) The projectors to the
right- (respectively, left-) handed spinors are
(1/2) [1± iγ5] =
[
0
1
]
,
[
1
0
]
. (A7)
We define the chiral current as
j5a = iψ˜γaγ5ψ
= ψ˜γa [−(1/2)(1− iγ5) + (1/2)(1 + iγ5)]ψ
=
√
2
(
ψA′ψA − ψAψA′
)
, (A8)
which gives the right- minus left-handed fermions. Again,
strictly speaking, we should consider an antisymmetrized
version of this.
Finally, we note that the charge conjugate of a spinor
is
ψc =
[
0 Q
′R′
QR 0
][
ψ
R
ψR′
]
=
[
ψ
Q′
ψQ
]
. (A9)
(The usual basis-dependent formulas in terms of γ2 being
replaced by the matrix with epsilons.)
We turn now to the perturbations of the Fermi field
and its stress–energy. We must begin by discussing the
perturbation of the spin structure; with this in hand, we
can consider how the field and the stress–energy respond.
2. Change in the spin structure
When we consider a first-order perturbation δgab = hab
of the metric, we must fix a convention for how to perturb
the spin-structure. The natural choice is to take
δσa
AA′ =
1
2
ha
AA′ . (A10)
(Here we follow the usual practice of raising and lowering
indices with respect to the background quantities — al-
though, since hab is first-order, the ambiguity in the rais-
ing of its spinor indices is irrelevant.) With this choice,
the skew spinor AB is preserved.
The covariant derivative operator must change as well,
so that the conditions
∇aσbBB′ = 0 , ∇aBC = 0 (A11)
preserved (to first order). After some algebra, one finds
that the perturbation is
(δ∇a)κQ = γaPQκP , (A12)
where
γaBC =
1
2
∇(B|Q′|hC)Q
′
a , (A13)
as one can verify by checking eq. (A11). (Note that this
gamma is not a Dirac symbol and in fact has a different
index structure.)
We now examine this in the high-frequency limit.
There we have
γaBC = − iω
2
(
e−iωuφ− eiωuψ)maoBoC . (A14)
3. Response of the Fermi field
Now let us consider the change δψ in the spinor field
which accompanies the change in the metric. For defi-
niteness we take the spinor to satisfy the Dirac equation
(−iγa∇a +m)ψ = 0 , (A15)
although we shall see soon that only the kinetic term will
matter for us. We first rewrite the equation in two-spinor
form:
−i√2∇AA′ψA +mψA′ = 0
−i√2∇AA′ψA′ +mψA = 0
}
. (A16)
Then the first-order perturbation is the system
−i√2∇AA′δψA +mδψA′ = −i
√
2γAA
′
A
BψB
−i√2∇AA′δψA′ +mδψA = i
√
2γAA′B′
A′ψB
′
}
.
(A17)
Note that the right-hand sides vanish to order (−iω) (us-
ing eq. (A14)). In the high-fequency limit, we will have
then
δψ ∼ O((−iω)−1) , (A18)
since in this limit the integration involved in solving eq.
(A17) dominates.
4. Change in the stress–energy
Now let us examine the change in the stress–energy.
The stress–energy for a Dirac field is
Tab =
i
2
ψ˜γb∇aψ − i
2
∇(aψ˜γb)ψ
=
i√
2
{
ψB′∇aψB + ψB∇aψB′
−∇aψB′ψB −∇aψBψB′
}∣∣∣
sym a↔b
, (A19)
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where in the last line the symmetrization is indicated at
the very end, to avoid cluttering the equation. There
are two sorts of terms contributing to the change in this:
those which come from altering the derivative operators
(which we write as δgTab), and those which come from
the perturbations of the Fermi field (written as δψTab).
We have just seen that the Fermi field’s change is of order
δψ ∼ O((iω)−1), so δψTab, which involves first derivatives
of δψ, is of order (iω)0, and will not contribute to T (−1)ab .
We therefore concentrate on δgTab.
For the variation owing to the change in derivative op-
erators, we have
δgTab =
i√
2
{
−ψB′γaBCψC − ψBγaB′C
′
ψC′ + γaB′
C′ψC′ψB + γaB
CψCψB′
}∣∣∣
sym a↔b
=
i√
2
(
γaB
CB′
C′ − γaB′C′BC
) (−ψC′ψC + ψCψC′)∣∣∣
sym a↔b
= −
√
2γ∗ab
c
(
ψCψC′ − ψC′ψC
)∣∣∣
sym a↔b
= γ∗ab
cj5c
∣∣∣
sym a↔b
, (A20)
where we have put
γaBB′CC′ = γaBCB′C′ + γaB′C′BC , (A21)
and
γ∗abc =
1
2
bc
pqγapq (A22)
is its Hodge dual; in spinor form on the last indices
γ∗aBB′CC′ = −iγaBCB′C′ + iγaB′C′BC . (A23)
We recall that we will be interested in the component
mambδgTab. Using eq. (A14), we have
mambγ∗abc =
ω
2
(e−iωuφ− eiωuψ)lc , (A24)
and so
mambδgTab =
ω
2
(e−iωuφ− eiωuψ)lcj5c . (A25)
Thus we have
mambT
(−1)
ab = +
i
2
laj5aφ (A26)
mambT
(−1)
ab = −
i
2
laj5aψ . (A27)
Appendix B: Nonperturbative approach
There exist several approaches to the study of grav-
itational radiation. I have emphasized so far a pertur-
bative one, where the waves appear as small-amplitude
high-frequency oscillations on a background, because it
is common and also most directly adapted to the cosmo-
logical questions at hand. However, all such approaches
suffer from the conceptual awkwardness that the back-
ground is (despite its primacy in the analysis), from a
physical point of view, really a mathematical construct
and not directly observable. For this reason, I will here
briefly indicate how the analysis here is related to the
full, nonlinear theory.
In the full theory, there is in general no unambiguous
split of the metric into a background and waves. One has
rather a space–time, and we suppose that in the region
of interest a standard null tetrad has been introduced,
which, to good approximation, is adapted to the waves.
This means that we may at least approximately identify
the wave-fronts as null hypersurfaces ruled by la, with
ma a spacelike tangent; that is, we may say that waves
are present if the curvature’s components with respect
to this tetrad have a suitable wavelike behavior. (Most
often, one considers an isolated system with Bondi–Sachs
asymptotics and an associated tetrad; then one has a
clean definition of the radiation in the limit of escape
from the system. However, as the point here is only to
indicate the general way the chiral current enters into the
full theory, there is no need to specialize to Bondi–Sachs
space–times.)
In these circumstances, what happens is that each com-
ponent of the stress–energy can be written as a sum of
terms of two types: those with derivative operators act-
ing on components of the spinor ψ with respect to a
spin-frame associated with the tetrad, and those with the
spinor components appearing only algebraically but mul-
tiplied by a connection coefficient. The most important
component for understanding the waves is
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Tabm
amb = i2−1/2mBB
′ {
ψB′ðψB + ψBmðψB′ − (ðψB′)ψB − (ðψB)ψB′
}
(B1)
= i2−1/2
{
ιB
′
ψB′ðoBψB + oBψBðιB
′
ψB′ − (ðιB′ψB′)oBψB − (ðoBψB)ιB
′
ψB′
}
+ i2−1(σna − σ′la)ja5 ,
where oA, ιA form the spin-frame, the operator ð is a
derivative in the ma direction, and σ, σ′ are the shears
of the congruences formed by la and na [15]. When waves
associated with the la congruence are present, we expect
the last term, proportional to σ′laja5 , to dominate.
To study the effect systematically from this perspec-
tive, one would use the spin-coefficient formalism [15]. I
will here only note two of those equations which are rel-
evant. Taking the spin-frame to be propagated parallel
along la, we have
Þσ′ = ρσ′ + ρ′σ − 4piGmambTab , (B2)
where Þ is a derivative in the la direction and ρ, ρ′ are
the convergences of la, na. From this equation and eq.
(B1), we can see how ja5 contributes to the change of
phase of σ′ along the geodesics ruled by la, and this may
be a dominant effect in certain circumstances. From
Þ′σ′ − ð′κ′ = (ρ′ + ρ′)σ′ − τκ′ + Ψ4 , (B3)
where Þ′ is a derivative along na (and ð′ one along ma,
and κ′ a measure of the acceleration of na, and τ of the
rate of change of la along na), we see that the change
of σ′ in the na direction contributes to the curvature
component Ψ4, so it is a sort of first integral (with respect
to a null coordinate u with la = ∇u) of the curvature’s
wave profile.
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